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ABSTRACT

In this paper, we studied three new
operations on bipolar fuzzy graph; namely direct
product, semi strong product and strong product.
Also, we give sufficient condition for each one of
them to be complete. Regularity on some bipolar
fuzzy graphs whose understanding crisp graphs are
path on 2m vertices, a cycle C,, are studied with
some membership functions.
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PRELIMINARIES OF REGULAR BIPOLAR
FUZZY GRAPHS

In this section, we first review some definitions of
undirected graphs that are necessary for this paper

Definition 1.1

By graph, we mean a pair G* = (V, E),
where V is the set and E is a relation on V. The
elements of V are vertices of G* and the elements
of E are edges of G*. We write X y € E to mean {x
y} € E;and if e = xy € E; we say x and y are
adjacent. Formally, given a graph G* = (V, E), two
vertices X, y € V are said to be neighbors, or
adjacent nodes, if x y € E: The neighborhood of a
vertex v in a graph G* is the induced sub graph of
G* consisting of all vertices adjacent to v and all
edges connecting two such vertices. The
neighborhood is often denoted N(v).
Definition 1.2

The degree deg (v) of vertex v is the
number of edges incident on v or equivalently, deg
(V) = |N(v)|. The set of neighbors, called a (open)
neighborhood N(v) for a vertex v in a graph G*,
consists of all vertices adjacent to v but not

including v, that is N(v) = {u € V | vu € E}: When
v is also included, it is called a closed
neighborhood N[v], that is, N[v] = N(v) U {v}. A
regular graph is a graph where each vertex has the
same number of neighbors, i.e., all the vertices
have the same open neighborhood degree.

Definition 1.3

A complete graph is a simple graph in
which every pair of distinct vertices is connected
by an edge. An isomorphism of graphs G; and G is
a bijection between the vertex sets of Gi and G3
such that any two vertices vy and v, of Gj are
adjacent in Gj if and only if
f (vy) and f(v,) are adjacent in G3. Isomorphic
graphs are denoted by G} = Gj.

Definition 1.4

A fuzzy set A on a set X is characterized
by a mapping m : X —[0,1], called the membership
function. A fuzzy set is denoted as A = (X, m) . A
fuzzy graph = (V, o, ) is
a non-empty set V together with a pair of functions
6 :V —[0,1] and p :V xV —[0,1] such that for all
uvev,p v)y<o @) Aoc (v) (here x Ay
denotes the minimum of x and y ). Partial fuzzy sub
graph &' =(V, 1, v) of &is such thatt (V) <o (V)
forallveVand p(u,v)<v(u,v)forallu veV.
Fuzzy sub graph £ "= (P, o', 1’ ) of & is such that
PcV,o()=oc (u)forall
UEP, u'(u,v)=u(u,v)forallu veP.

Definition 1.5

A fuzzy graph is complete if p (u, v) =c
(u) A o (v) for all u, v € V. The degree of vertex u
is d (U) = X(uv)ez (u, v). The minimum degree of &
is 8 (§) = A {d (u) | ueV}. The maximum degree of
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Eis A (§) = v {d (u) | ueV}. The total degree of a
vertex ue Vistd (u) =
d(u) + o(u) .

Definition 1.6

A fuzzy graph & = (V, o, p) is said to be
regular if d(v) = k, a positive real number, for all
VEV . If each vertex of & has same total degree Kk,
then & is said to be a totally regular fuzzy graph.

Regular Bipolar Fuzzy Line Graphs
Definition 2.1

A bipolar fuzzy graph, we mean a pair G
= (A,B) where A = (u}, uY) is a bipolar fuzzy set in

V and B = (ug,py) is bipolar relation on V such
that b ({xy}) < min (1500, 15 () and py(x,
y}) = max (u) (x), u) (v)) for all {x, y} € E. We
call A the bipolar fuzzy vertex set of V, B the
bipolar fuzzy edge set of E, respectively.

Note that B is a symmetric bipolar fuzzy relation
on A. We use the notation x y for an element of E.
Thus, G = (A,B) is a bipolar graph of G* = (V,E) if
M5 OGY) < min(uf (), 1E () and i (xy) = max
(1Y (%), p} (v)) forall x y € E.

Example 2.2
Consider the bipolar fuzzy graph,

a b .
..-/f \\ (0.1, —0.3) // \ (0.2, —0.4) / \

1 | 1
[z 0y —— f(3 05— |ios,
\ ) \ /

-..\M-- --//_-'

(0.1, —0.2)

(0.3, —0.4}

/ \
0.6) |
\ |

N4 N

(0.3, —0.5)

/

%

N /~
[ (0.3, —0.7) b———— (0.4, —0.6) |
\ / (0.2, —0.4) Y :
N N
d

Definition 2.3

Let G = (A,B) be a bipolar fuzzy graph on
G*. If all the vertices have the same open
neighborhood degree n, then G is called an n-
regular bipolar fuzzy graph. The open
neighborhood degree of a vertex x in G is studied
by deg(x) = (deg’(x),degN(x)), where deg®(x)
=2 oy Mh anddegh() =3 ui ().

Definition 2.4

Let G = (A,B) be a regular bipolar fuzzy
graph. The order of a regular bipolar fuzzy graph G
is O(G) = (X, oy Ha(), X, MA (). The size of
a regular bipolar fuzzy graph G is S(G) =
(nyev u'lli (XY)' ZXYEE H'II\XI (XY))

e

Definition 2.5

Let G = (A, B) be a bipolar fuzzy graph. If
each vertex of G has same closed neighborhood
degree m, then G is called a totally regular bipolar
fuzzy graph. The closed neighborhood degree of a
vertex x is studied by deg[x] = (deg’[x] |,
degM[x]), where
deg® [x] = deg” (x) + 3 (%),
deg" [x] = deg" (x) + pj (x),
We show with the following examples that there is
no relationship between n-regular bipolar fuzzy
graph and m-totally regular bipolar fuzzy graph.

Example 2.6

Consider a graph G* such that V = { a, b,
c,d} E={ab, bc, cd, ad }. Let A be a bipolar
fuzzy subset of V and let B be a bipolar fuzzy
subset of E studied by
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ab b od da
Ty 0.2 0.4 0.2 0.4
L 0.1 0.1 0.1 0.1
a b
a 0,2 0 ) 4
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/ X /
(0.4, —0.1) G (0 4 Q519
~ o "—_\ T 2 1
/(() o 0.3) \’ 4/(() L, (8} .'J)\
\ / (0.2, —0.1) \\‘ '/,/
d e
Routine computations show that a bipolar fuzzy Example 2.8
graph G is both regular and totally regular. Consider a graph G* such that V = {Xx, vy,
z}, E = {xy, yz, zx}. Let A be a bipolar fuzzy
Definition 2.7 subset of V and let B be a bipolar fuzzy subset of E
A bipolar fuzzy graph G = (A, B) is called studied by
complete if uh (X)=05, uh (y)=0.7, ub (2)=0.6,
uP (xy) =min (uf (%), 1¥ (y) and Y (xy) u (9 =-03, 1 (y)=-04, u (2)=-05,
= max (uf (x), u)(y)) for all x, y s (xy) = 0.5, uj (yz) = 0.6, pj (zx) = 0.5,
EV. i (xy) =-0.3, uf (yz) =-04, uff (2x)=-03,
v z
N o /7 O\
| (0.7, —0.4) b——— (0.6, —0.5) |
0.5, —0.3) (0.5, —0.3)
x
e
Routine computations show that G is a both but G is not regular since deg (x) # deg (z) # deg
complete and totally regular bipolar fuzzy graph, ).

DOI: 10.35629/5252-0503911916 [Impact Factorvalue 6.18| ISO 9001: 2008 Certified Journal  Page 913



\% International Journal of Advances in Engineering and Management (IJAEM)

—

IJAEM

Volume 5, Issue 3 March 2023, pp: 911-916 www.ijaem.net

Theorem 2.9

Let G = (A, B) be a bipolar fuzzy graph of
a graph G*. Then A = (uf,ul) is a constant
function if and only if the following are equivalent:
(@) G is a regular bipolar fuzzy graph,
(b) G is a totally regular bipolar fuzzy graph.

Proof:

Suppose that A = (uf,uY) is constant
function. Let uf (X) = ¢; and pY (x) = ¢, for all x
€ V. (a)=(b): assume that G is n-regular bipolar
fuzzy graph, then deg”(x) = n, and deg"(x) = n,
forall x e V:

So deg”[x] = deg” (x) + py (),

deg" [x] = deg" (x) + ul (x).forall x e V;
Thus deg”[x] = ny + ¢y, deg"(x) = n, + ¢, for
all x € V. Hence, G is a totally regular bipolar
fuzzy graph. (b) = (a): suppose that G is a totally
regular bipolar fuzzy graph, then

deg?[x] =k, deg"[x] =k, forallx e V

or deg”(x) + pj (x) = ky, deg" (x) + pf (x) =
k, forallx e V

or deg” (x) + ¢; = ky, deg" (x) + ¢, = k; for all x
eV

or deg” (x) = ky — c;, deg" (x) = k, — c, for all
XEV.

Thus, G is a regular bipolar fuzzy graph. Hence (a)
and (b) are equivalent. The converse part is
obvious.

Proposition 2.10

If a bipolar fuzzy graph G is both regular
and totally regular, then A = (uf ,ul)) is constant
function.

Proof:

Let G be a regular and totally regular
bipolar fuzzy graph, then deg”(x) = n,, deg" (x) =
n, for all x € V, deg®[X] = kq, deg"[x] = k, for
all x € V, Now deg”[x] = ky, & deg’(x) +
ph () = kyy © m+ o (x) = ke, © pyp (x) =
k, —n, forall x € V, Likewise, u (x) = k; — n,
for all x € V, Hence A = (uh,u) is constant
function.

Remark The converse may not be true, in general.
We state the following Theorem without its proof.

Bipolar fuzzy line graphs
Definition 3.1

Let P(S) = (S,T) be an intersection graph
of a simple graph G* = (V, E). Let G = (44, B;) be
a bipolar fuzzy graph of G*. We studied a bipolar
fuzzy intersection graph
P(G) = (4,, By) of P(S) as follows:
(D) A,, B, are bipolar fuzzy sets of Sand T,
respectively,
(2 142(S) = w1 (ve) , 12 (S) = pga(v)
(3) .ng(si'%) = H§1(Vi'vj) ) #gz(si'%) =
Hg1(vi:17j),
for all Si,Sj €S, S,Si,Sj € T. That is, any bipolar
fuzzy graph of P(S) is called a bipolar fuzzy
intersection graph. The following Proposition is
obvious.

Proposition 3.2

Let G = (44, By) be a bipolar fuzzy graph
of G*, then
* P(G) = (4,, B,) is a bipolar fuzzy graph of P(S),
*G = P(G).
This Proposition shows that any bipolar fuzzy
graph is isomorphic to a bipolar fuzzy intersection
graph.

Definition 3.3

Let L(G*) = (Z,W) be a line graph of a
simple graph G* = (V, E).
Let G = (44, By) be a bipolar fuzzy graph of G*.
We studied a bipolar fuzzy line graph
L(G) = (A,, B,) of G as follows,
(1) A, and B, are bipolar fuzzy sets of Z and W,
respectively,
(2) wha(Se) = upr (%) = ppy (e, V)
(3) HfXZ(Sx) = .Ugl(x) = #gl(ux! vx)
(4) ub2(SySy) = min (upy (X).u51(Y))
(5) HB2(S:Sy) = max ( ugy(X) . ugi(y)), for all
5.5, €7,5,,5, €W.

Example 3.4

Consider a graph G* = (V, E) such that V
={v,,Vy,Vs,Vg}and E = { Xy = V; Vp, Xo =V, V3,
X3 = V3 V4, X4 =V4Vp}. Let A; be a bipolar fuzzy
subset of V and let B, be a bipolar fuzzy subset of
E studied by
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vy Vo V3 Va
h 0.2 0.3 04 0.2
lu,fl —0.5 —0.4 —0.5 —0.3
Xy X2 X3 Xq
K, 0.1 0.2 0.1 0.1
,{Lﬁl —0.2 —0.3 —0.2 —0.2
vy (255
N €0.2 =0.2) /
[ (0.2, ~0.5) \|——<' (0.3, ~0 11\
/ /
/ 7__/
(0.1, —0.2) G (0.2 0.1)
y \ | / ‘\\
| (0.2 0.3) ."—‘ (0.4 0.5) )'
% / (0.1, —0.2) \ /

By routine computations, it is easy to see that G is
a bipolar fuzzy graph.

Consider a line graph L (G*) = (z, w) such that Z =
{ Sx1'5x215x3'5x4} and W = { le SxZ' SxZ Sx3:
Si3 Sear Sea Sy} Let Ay = (uf,,pl,) and B, =
(ub, , ul,) be bipolar fuzzy sets of Z and W ,
respectively. Then , by routine computations, we
have

S,

\ (0.1, —0.2) /

a2 (Sy1) = 0.1, i (Se2) = 0.2, ufp(Se3) = 0.1,
Hap(Sxa) =0.1,

MIIXZ(le) =-02, .L[,IXZ(SxZ) =-03, H,{\{z(sxg) =-0.2
2 (Sxa) =-0.2,

MEZ(le Sx2) = 01, ,ugz(sz Se3) = 01
Mg2(5x3 Sx4)=0.1, M§2(5x4 S,1)=0.1,
“gZ(le Se2) = 02 Mgz(sz Se;3) = -02
:ulByz(Sx3 Sx4) =-0.2, :ulByz(Sxtl le) =-0.2,

S..

[ (0.1, —0.2) '|—|: (0.2, -0.3) |

N

(0.1, —0.2)

N

01, 02— (o1,

\ /’ (0.1, —0.2)
b":.!’.'q

L(G)

N

(0.1, —0.2)

N

N

Sa

3
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By routine computations, it is clear that L(G) is a
bipolar fuzzy line graph. it is neither regular bipolar
fuzzy line graph nor totally regular bipolar fuzzy
line graph.

Proposition 3.5

If L(G) is a bipolar fuzzy line graph of
bipolar fuzzy graph G. Then L(G*) is the line
graph of G*.

Proof:

Since G = (4;, B;) is a bipolar fuzzy graph
and L(G) is a bipolar fuzzy line graph,
141(Sy) = uhr (%), w1 (Sx) = uy (x) forall x € E.
And so S, €Z & x € E. also pp,(S,S,) = min
(b1 (0, 151 (Y)), 1E2(SkSy) = max (uffy (X), ufi1(y))
forall 5,5, € Z,andsoW={S,S, | S, nS, # 0,
X,y € E, x# y}.
This completes the proof.

Proposition 3.6

L(G) is a bipolar fuzzy line graph of some
bipolar fuzzy graph G if and only if pug,(S,S,) =
min (uhy(S,) , #ho(S,)) for all .S, € W,
MQZ(SxSy) = max ( :u‘IXZ(Sx) ' H,IXZ(Sy)) for all sty
eWwW

Proof:

Assume that pp,(S,S,) = min (i), (S,),
1ha(S,)) forall S,.S, € W,
We studied ph; (x) = uk,(S,) for all x € E, Then
Mgz(sxsy) = min ( “ﬁZ(Sx)l ﬂﬁZ(Sy)) = min
(1 (), i1 (),
“gz(sxsy) = max ( MQIZ(SX)7 ﬂ‘IXZ(Sy)) = max
(11 (%), 11(y)).
A bipolar fuzzy set A;= (u},, uy,) that yields that
the property
up, (xy) < min (b (%), 1h, (),
fy; (xy) = max (), (%), 1, (¥))
will suffice. The converse part is obvious.
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